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» Consider a string attached at x =0and x =L
> when the string is vibrating, the vertical displacement y from equilibrium

depends on x and t
> we assume the displacement to be small (string length remains constant)

Under these assumptions, the displacement y(x, t) satisfies the one-dimensional
wave equation :
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The constant v depends on the tension and the linear density of the string. It is
called the
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The wave equation (2)

We attempt a change of variables as follows :
y(x, t) = f(x)g(t)
We inject this in the wave equation and get :
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g_// + k2v2g — O (1)
The solutions read

sin kx sin kvt
Fx) = { cos kx g(t) = { cos kvt
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The wave equation (3)

Recall that
» v= frequency
» A= wavelength
> v=J\v
> w = 27wv =angular velocity

» k= 2T = wave number

so that the general solution looks like

y(x, t):f(x)g(t):{ sin kx }{ sinwt }

cos kx coswt
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The wave equation (4)

The string is fastened at x =0 and x = L so y(x =0,t) =0 and

y(x=1L,t)=0.

— cos kx not possible
— kL = nm

then

nmx

o) = f(e(e) =sin "7 { 0E,

Cos



The wave equation (5)

At t = 0 we impose dy/dt = 0 so that

nmx nmvt

L Cos L

ya(x, t) = sin



The wave equation (5)

At t = 0 we impose dy/dt = 0 so that

. hmx nmvt
ya(x, t) = sin s

The solution will be a superposition of these basis functions :

nmvt

y(x, t) = Z bnyn(x, t) = Z by, sin ? cos —
n=1 n=1




The wave equation (6)

Initial condition : at t = 0, y(x,0) = f(x).

o TR 0sxsip
—2x+2h L/2<x<L

¢ h f(x)
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The wave equation (7)
Since

y(x,0) = Z bn sin nLLX
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f(x)= an sin mZX
n=1
2 [ [H22h L 2h
b, = L{/o szianxdx—&—/L/zT(L—x)sianxdx
_ _8h sin 2
- (nm)? 2

— by, is nul for even n values



The wave equation (7)

Since -
. nmx
(x,0) —;bnsmT
then -
nmwx
f(x) = nSin ——
(x) ;b sin —
2 [ [H%2n nrx L on
b, = -+ / —xsin—dx—&—/ — (L — x)sin
L{ 0 L L 12 L ( )
= 78h sinn—ﬂ
= (nm)2? 2

— by, is nul for even n values
Finally

L:x dx
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