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What is a derivative? 1?7

> In calculus, a branch of mathematics, the derivative is a measure of how a
function changes as its input changes.

» The derivative of a function at a chosen input value describes the best
linear approximation of the function near that input value.

» For a real-valued function of a single real variable, the derivative at a point
equals the slope of the tangent line to the graph of the function at that
point.

(The slope of the tangent line is equal to the derivative of the function at
the marked point)
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What is a derivative - Leibniz's notation

The first derivative is denoted by
dy df d
-~ —f
dx  dx (x) = dx (x)
Higher derivatives are expressed using the notation

dy d"f
] O L nf(x)

for the n® derivative of y = f(x) (with respect to x). These are abbreviations
for multiple applications of the derivative operator. For example,

d’y _d (dy
dx2 ~ dx \dx



What is a derivative - other notation

» Lagrange's notation
(fY =f" and (f") =f"
» Newton's notation (time derivatives)
y and y

» Euler's notation
D.y or Dyif(x)



Derivatives of elementary functions (1)

» Derivatives of powers : if

f(x)=x",
where r is any real number, then
fl(x) = """

1/4

wherever this function is defined. For example, if f(x) = x*/*, then

() = (1



Derivatives of elementary functions (1)

» Derivatives of powers : if

f(x)=x",
where r is any real number, then
fl(x) = """

1/4

wherever this function is defined. For example, if f(x) = x*/*, then

) = (1/4)x "

» Exponential and logarithmic functions




Derivatives of elementary functions (2)

» Trigonometric functions :

da sin(x) = cos(x).

dx
o cos(x) = —sin(x).
d tan(x) = —— = 1+ tan’(x).
dx cos?(x)
> Inverse trigonometric functions :
— arcsin(x) = 1
V1—x2
d arccos(x) = N
dx VI XE
d arctan(x) = 1
dx T 14 x?



Rules for finding the derivative

» Constant rule : if f(x) is constant, then

=0
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Rules for finding the derivative

» Constant rule : if f(x) is constant, then

=0

> Sum rule :
(af + bg) = af' + bg’
for all functions f and g and all real numbers a and b.

» Product rule :
(fg) =f'g+ 1&g’

(5o
g g?

for all functions f and g where g # 0.

for all functions f and g.

» Quotient rule :



Rules for finding the derivative

\4

Constant rule : if f(x) is constant, then

=0

v

Sum rule :
(af + bg) = af' + bg’

for all functions f and g and all real numbers a and b.

v

Product rule :
(fg) =f'g+fg

(5o
g g?

for all functions f and g where g # 0.
Chain rule : If f(x) = h(g(x)), then

f'(x) = h'(g(x)) - &'(x)

for all functions f and g.

v

Quotient rule :

v



Spatial derivatives in 1D, 2D, 3D (1)

> in 1D, one space dimension :

> in 2D, one space dimension :

= more concise notation : V ('nabla’ operator, or 'gradient’)



Spatial derivatives in 1D, 2D, 3D (2)

For instance, in 3D the gradient operator writes :

It is therefore a vector.
The temperature gradient (i.e. the spatial derivative of the temperature field)
writes :

aT
VT =| %

orT
oz

&The gradient operator is applied to a scalar and the result is a vector.



Spatial derivatives in 1D, 2D, 3D (2)

If one now takes the scalar product of the gradient with a vector
v = (v, vy, Vz), one gets a scalar :

)
ox Vx
5 Ovx  Ov,  Ovg
V V= a—y . Vy — il
ox dy 0z
7 ve

The V- operator is called the divergent operator. It applies on vectors and

gives a scalar.



Spatial derivatives in 1D, 2D, 3D (2)

It is possible to combine both gradient and divergent operator in order to get a
second-order operator :

2 2
ox ox
2 2 2
_ _ d o 0 0 o
A=VVEL e | W [ Taetae o
2 9
oz oz

A is called the Laplacian operator. It the "divergence of the gradient”.
For instance, the Laplacian of the temperature field T(x,y, z) writes :

0T | &°T | 0°T

AT = Ox? Oy? 0z2



Maths, hairstyle and history (continued)

Pierre-Simon, marquis de Laplace (1749-1827),
French mathematician and astronomer
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» An equation containing derivatives is called a differential equation



Introduction

» An equation containing derivatives is called a differential equation

> If it contains partial derivatives, it is called Partial Differential Equation
(PDE)



Introduction

> An equation containing derivatives is called a differential equation

> If it contains partial derivatives, it is called Partial Differential Equation
(PDE)

» Otherwise it is called an Ordinary Differential Equation (ODE)



Example (1)
» Newton's second law. In vector form, it writes :

ZF:ma

Writing the acceleration v as dv/dt, where v is the velocity, we get

This is in fact a set of ODEs (one for each direction in space) :

du

Fo = m2
Mt

dv

F p— -
Y M
dw

F. -
Mt

where v = (u, v, w).



Example (2) - heat equation

The rate at which heat @ escapes through a window or from a hot water pipe
is proportional to the area A and to the rate of change of temperature with
distance in the direction of the flow of heat :

dQ dT

X kAl

dt dx

where k is called the coefficient of thermal conductivity and is a property of the
material.



Introduction (2)

= Differential equations are oblivious :

» from astrophysics to quantum mechanics
» from vibrating strings and membranes to population growth

» in fluid mechanics, in solid mechanics, geophysics ...

CARBON

Average Annual % Change
o

TR r—— |
e o A




Introduction (3)

They come in all shapes, colours and sizes :)

~Vvn® +V (;Daﬁfv (’f)) -v (S“TQV (%)) Y (;Daﬁfﬁ) :

dg = —V-(gv)-VP-VII+> n'F",
Hé = —V-(vé)—PV-v—TI:Vv+V (Zsai"?v (%)) Y (&TQV (%))
-3 {Tv (%) —F"‘] DYF v (ZS“FQT) -3 SFVI. (4.8)

af

hn®

Smoothed Particle Hydrodynamics model for phase separating fluid mixtures, C.
Thieulot, P. Espafiol and L.P.B.M.Janssen, Phys. Rev. E 72, 016714 (2005).



Definitions

> The of a differential equation is the order of the highest derivative in
the equation.
Y +xt=1
xy' +y=¢"
are first-order ODEs.
md—r2 = —kr
de2
is a second-order ODE.
> A ODE is one of the form :

ay+a+y +ay’ +ay”’ +..=b
where the a's and b are either constants or functions of x.
y' =coty (not linear)
yy' =1 (not linear)
(') =xy (not linear)



Definitions (2)

> A of a differential equation (in the variables x and y) is a relation
between x and y which, if substituted into the differential equation, gives
and indentity.

» Example 1 : the relation y = sinx + C is a solution of the differential
equation y’ = cosx .

» Example 2 : The equation y”’ = y has solutions y = e* or y = e~ or
y = Ae* + Be™™.



Definitions (3)

» Any linear differential equation of order n has a solution containing n
independent arbitrary constants, from which all solutions of the differential
equation can be obtained by letting the constants have particular values.
This solution is called the general solution of the linear differential
equation.



Definitions (3)

» Any linear differential equation of order n has a solution containing n
independent arbitrary constants, from which all solutions of the differential
equation can be obtained by letting the constants have particular values.
This solution is called the general solution of the linear differential
equation.

This may not be true for nonlinear equations.



Example 3

Question : Find the distance which an object falls under gravity in t seconds if
it starts from rest
We start with Newton's second law

ma=F

where m is the mass of the object. The gravitational acceleration is g, so that
the force F is given by mg.
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Example 3

Question : Find the distance which an object falls under gravity in t seconds if
it starts from rest
We start with Newton's second law

ma=F

where m is the mass of the object. The gravitational acceleration is g, so that
the force F is given by mg.
The acceleration a writes :
v o
dt  dt?
Let z be the distance the object has fallen in time t, and let us assume that the
movement of the object occurs along the vertical z axis. We then have to solve

d’z _
aez &



Example 3

We integrate one time and get

9z _ t+ C =gt + v
dt—gz = 8- 0

and we integrate a second time :
1 5
z(t) = 58:t +wt+2z+4+0

Two important things :

> the object starts from rest



Example 3

We integrate one time and get

9z _ t+ C =gt + v
dt—gz = 8- 0

and we integrate a second time :
1 5
z(t) = 58:t +wt+2z+4+0

Two important things :

> the object starts from rest

> z(t) is the distance the object has fallen at time t

z=z(t=0)=0
Finally : )
2
= —g,t
2(t) = &



Example 4 :

Question : Find the solution of y” = y which passes through the origin and
through the point (In2,3/4).



Example 4 :

Question : Find the solution of y” = y which passes through the origin and
through the point (In2,3/4).

We have already verified that y = Ae* + Be™* is a solution of the differential
equation. If the given points satisfy the equation of the curve, then

0=A+B %:Ae'"%rBe*'n2
which leads to write
A+B = 0 (1)
2A+B/2 = 3/4 (2)

= A=-B=1/2and

y(x) = %(ex —e ) =sinhx



Definitions (4)

» The given conditions which are to be satisfied by the particular solution
are called boundary conditions.



Definitions (4)

» The given conditions which are to be satisfied by the particular solution
are called boundary conditions.

> When they are conditions at t = 0, they may be called initial conditions



Separable equations

When we can write

p_dy
y = =)
as
dy = f(x)dx

the equation is called separable.



Separable equations

When we can write

,_dy
== =f
y = =)
as
dy = f(x)dx
the equation is called . In that case

,_dy _ _
Y= = f(x) = dy = f(x)dx

= y:/f(x)dx

Solving the ODE is carried out by integrating each side of the equation.



Separable equations - Example 1

The rate at which a radioactive substance decays is proportional to the
remaining number of atoms. If there are Ny atoms at t = 0, find the number at
time t.



Separable equations - Example 1

The rate at which a radioactive substance decays is proportional to the

remaining number of atoms. If there are Ny atoms at t = 0, find the number at
time t.

This translates as

dN
— = —-AN
dt
where A is called the decay constant. It also writes :
dN
— = —Adt
N

Integrating both sides we get
In N = —\t + const
Since N(t = 0) = N, then const = Ny and finally

N(t) = Noe



Separable equations - Example 2
Solve the differential equation

xy'=y+1



Separable equations - Example 2
Solve the differential equation

Xy'zy—i—l

To separate variables we divide both sides by x(y + 1) :

y _1

y+1 x
Recall that y' = £ so that :

dy _ dx

y—l—li X

and then ) )

——dy= [ —d
/y +1¥ /X *
Carrying out the integration :

In(y +1)=Inx+ C=Inx+Ina=In(ax)

finally :
y+1=ax



Nonlinear differential equations

&sometimes the coefficients of an ODE are not constant, and they
themsleves depend on the solution.
= such ODEs are called nonlinear ODEs.



Nonlinear differential equations

&sometimes the coefficients of an ODE are not constant, and they
themsleves depend on the solution.
= such ODEs are called nonlinear ODEs.

Example : Stokes equation

—Vp+ pAv = pg
Often = fct(T,p, %) and p = fct(T, z)

Sir George Gabriel Stokes (1819-1903)



Linear first-order equations (1)

> a first-order equation contains y’ but no higher derivative.

> a linear first-order equation means one which can be written in the form
y'+Py=Q

where P and Q are functions of x.



Linear first-order equations (2)

> Let's start with an easier case : Q = 0

y +Py=0
This is equivalent to J
The equation is separable :
Ll = —Pdx
y

Iny:—/PdX+C

y= e~ JPAHC _ pa= [P dx

Let us simplify the notation and write

dl
[,/de or, pie



Linear first-order equations (2)

> Let's solve the full ODE : y' + Py = Q

We know that y = Ae~! is solution of y' + Py =0.
Let us compute

d
_ r Idl
= ye tye dx
y'e’—l—yeIP
= (V' +yP)e
_ Qel
So
ye' :/Qe’dx+const
or,

y(x)=e"' (/ Qe'dx + const) with

This is the general solution, up to a constant.

N r d |
»e) = yety e

l:/de



Example - A touch of radiometric dating ...

Radium decays to radon which decays to polonium

Radium-226 Decay Chain

1600 ¥ 138 d

o 0.16 ms

" MDON "

3824

o o

5.0d
3.05m o
197 m STABLE
o
21y

26.8 m



Example - A touch of radiometric dating ... (2)

Question : If at t = 0 a sample is pure radium, how much radon does it contain
at time t?



Example - A touch of radiometric dating ... (2)

Question : If at t = 0 a sample is pure radium, how much radon does it contain

at time t7?
No = number of radium atoms at t =0
N1 = number of radium atoms at time t
Let Ni = number of radon atoms at time t
A1 = decay constant of radium

A2 = decay constant of radon

We have for radium : N
i

— = -MN

gt 1Ny

or, as we have seen before : Ni(t) = Nope™ 1%
The rate at which radon is created is the rate at which radium is decaying, i.e.
A1Ni. But radon is decaying at the rate A2 N>. Hence we have :

dN,

— = ANt — N
p 11 2\2



Example - A touch of radiometric dating ... (3)

dN-

— = ANy — oV,

" 1M 2 N>
rewrites dN
2

— 4+ X2 No = M NV,

dt+22 11

and is of the form
y +Py=@Q



Example - A touch of radiometric dating ... (3)

dN-

— = ANy — oV,
" 1M 2 N>
rewrites N
2
— 4+ X2 No = M NV,
p + A2N> 11
and is of the form
Yy +Py=Q

We solve it as follows :

l:/Pdt:/)\zdt:)\zt



Example - A touch of radiometric dating ... (4)

and using
y(x)=e"' / Qe dx + const

we can write

No(t) = e 2t (/ M N e it + const)

= et (/ AlNoe)‘ltekztdt + const)

_ A1 N, _
_ Aot 10 (A2—Xp
e ()\2 S

)t + const>

Qvalid for A1 # 2.
Finally, N>(t = 0) = 0 so that

Ao
A2 — A1

const = —

and
A1 N

Ne(t) = A2 — A1

(ef)\lt _ e7>\2t)




Other methods for 1st order equations (1)

The Bernoulli equation

The differential equation
y' +Py=Q"

where P and @ are functions of x is known as the Bernoulli equation.



Other methods for 1st order equations (1)

The Bernoulli equation

The differential equation
Y + Py = Q"
where P and @ are functions of x is known as the Bernoulli equation.

We make the change of variable z = y*™". Then z/ = (1 — n)y™"y’ and the
differential equation reqrites :

Z4+(1-nPz=(1-nQ

This is now a first-order linear equation which we can solve.



Other methods for 1st order equations (2)

Exact equations

Let us recall that the differential of F(x, y) writes :

OF OF
dF = —d —d
Ox X+ dy 4



Other methods for 1st order equations (2)

Exact equations

Let us recall that the differential of F(x, y) writes :

OF oF
dF = Sodx + S-d
Ox X+ dy 4
The expression P(x, y)dx + Q(x, y)dy is an exact differential (i.e. a differential

of a function F) if
oP 0@

dy — dx
If this is verified, the solution of Pdx + Qdy = 0 is then

F(x,y) = const



Other methods for 1st order equations (2)

Example :

> The equation xdy — ydx = 0 is not exact.



Other methods for 1st order equations (2)

Example :

> The equation xdy — ydx = 0 is not exact.
> The equation
1
;(xdy —ydx) =0
is exact.
1 oP  0Q

P=_y/x == X
y/x @ X _>8y Ox



Other methods for 1st order equations (3)

A of x and y of degree n means a function which can be
written as x"f(y/x).
An equation of the form

P(x,y)dx + Q(x,y)dy =0

where P and @ are homogeneous functions of the same degree is called
homogeneous.



Other methods for 1st order equations (3)

A of x and y of degree n means a function which can be
written as x"f(y/x).

An equation of the form

P(x,y)dx + Q(x,y)dy =0

where P and @ are homogeneous functions of the same degree is called
homogeneous.

If we divide two homogeneous functions of the same degree, the x" factors
cancel and we have a function of y/x :

r_dy Py



Other methods for 1st order equations (3)

A of x and y of degree n means a function which can be
written as x"f(y/x).
An equation of the form

P(x,y)dx + Q(x,y)dy =0

where P and @ are homogeneous functions of the same degree is called
homogeneous.

If we divide two homogeneous functions of the same degree, the x" factors
cancel and we have a function of y/x :

r_dy Py

If y' can be written as a function of y/x, we make the change of variable
v = y/x and solve for v.



» So far, we have been considering first-order equations.




> So far, we have been considering first-order equations.

» While important, many physical phenomena lead to second-order ODEs or
PDEs



> So far, we have been considering first-order equations.

» While important, many physical phenomena lead to second-order ODEs or
PDEs

» such second-order equations are of the form

2

dy dy _
25 +31dX+30y—0



Second-order linear equations with constant coeffs. and zero rhs

Example : solve the equation

yu+5y1+4y:0

» the coefficients ag, a1, a2 are constant

> the right-hand side is zero



Second-order linear equations with constant coeffs. and zero rhs

Example : solve the equation

yu+5y1+4y:0

> the coefficients ag, a1, a-> are constant
> the right-hand side is zero
It is convenient to let D stand for d/dx so that

ddy d° 9

d
Dy——y D2y:D'Dy:&a_W_

T odx



Second-order linear equations with constant coeffs. and zero rhs

Example : solve the equation

yu+5y1+4y:0

> the coefficients ag, a1, a-> are constant
> the right-hand side is zero
It is convenient to let D stand for d/dx so that

ddy d° 9

d
Dy——y D@:D-Dy:aa_ﬁ_

T odx

Expressions involving D, such as D 4+ 1 or D? + 5D + 4 are called

y' +5y +4y=0 (D* +5D +4)y =0



Second-order linear equations with constant coeffs. and zero rhs (2)

(D’+5D+4)y =0  — (D+1)(D+4)y =0 or (D+4)(D+1)y=0

&ony possible if ag,1,> are constants



Second-order linear equations with constant coeffs. and zero rhs (2)

(D’+5D+4)y =0  — (D+1)(D+4)y =0 or (D+4)(D+1)y=0

&ony possible if ag,1,> are constants

Let us consider the simpler equations
(D+4)y=0 (D+1)y=0

or,
d
Ypay=0 Lyy-=
dx

Their respective solutions are

y(x)=Ge™  y(x) = Ge™



Second-order linear equations with constant coeffs. and zero rhs (2)

(D’+5D+4)y =0  — (D+1)(D+4)y =0 or (D+4)(D+1)y=0

&ony possible if ap 12 are constants

Let us consider the simpler equations
(D+4)y=0 (D+1)y=0

or,

dy dy
244y = =z =
dx +ay=0 dx Ty

Their respective solutions are

y(x)=Ge™  y(x) = Ge™

If (D + 1)y = 0 then y is solution of (D?> + 5D +4)y =0
If (D + 4)y = 0 then y is solution of (D?> + 5D +4)y =0



Second-order linear equations with constant coeffs. and zero rhs (2)

(D’+5D+4)y =0  — (D+1)(D+4)y =0 or (D+4)(D+1)y=0

&ony possible if ap 12 are constants

Let us consider the simpler equations
(D+4)y=0 (D+1)y=0

or,
dy dy
24y = ' =
dx+y 0 dX+y 0

Their respective solutions are

y(x)=Ge™  y(x) = Ge™

If (D + 1)y =0 then y is solution of (D> +5D +4)y =0
If (D + 4)y = 0 then y is solution of (D> 45D + 4)y =0
Since the two solutions y(x) = Cie™* and y(x) = Ge ™™ are linearly

independent, a linear combination of them contains two arbitrary constants and

so is the general solution :

y(x) = Cle ™™ 4+ Ge™



Second-order linear equations with constant coeffs. and zero rhs (3)

The equation D? +5D + 4 = 0 is called the auxiliary equation.



Second-order linear equations with constant coeffs. and zero rhs (3)

The equation D?> +5D 4 4 = 0 is called the auxiliary equation.

Question : can we solve all second-order linear equations with constant
coefficients and zero right-hand side by this method ?



Second-order linear equations with constant coeffs. and zero rhs (3)

The equation D?> +5D 4 4 = 0 is called the equation.

Question : can we solve all second-order linear equations with constant
coefficients and zero right-hand side by this method ?

Let us assume that the equation can be written (D — a)(D — b)y = 0 with
a# b. Then
y(x) = cre™ + oe™

is the general solution of the equation.



Second-order linear equations with constant coeffs. and zero rhs (4)

Special case : equal roots of the auxiliary equation

In the case where tha auxiliary equation writes (D — a)?> = 0, there is only one
root and the previous theorem does not apply.
In this case the general solution writes :

y = (Ax + B)e™



Second-order linear equations with constant coeffs. and zero rhs (4)

Special case : complex conjugate roots of the auxiliary equation

Supose the roots of the auxiliary equation are o + i3. These are unequated
roots so the general solution of the equation is

y(x) = crel@Hx 4 gy elamifx
This can be also re-written as
y(x) = e**(c3 sin Bx + ca cos Bx)

or,
y(x) = cse™sin(Bx +7)
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Example 1 : Solve the differential equation

y' —6y +9y =0



Second-order linear equations with constant coeffs. and zero rhs (6)

Example 1 : Solve the differential equation

y' —6y +9y =0

The auxiliary equation writes
D*-6D+9=0

or, (D —3)(D —3)y = 0. There is only one root to the auxiliary equation so
the general solution writes

Y(x) = (Ax + B)e™



Second-order linear equations with constant coeffs. and zero rhs (7)

Example 2 : A mass m oscillates at the end of a spring where k is the spring
constant.

The force exerted on the mass by the spring is proportional to displacement so
Newton's second law writes

d’y
Mg TR
which is also P
D2 2,0 2_ K
yt+uwy w m

where D = d/dt. The roots of the auxiliary equation are +iw.
The solution can be written in any of the three forms :

y(X) — Aeiwt + 867IWt

cisinwt + ¢ coswt

= csin(wt+7)

The object executes a simple harmonic motion.



» what if now the second-order equation is of the form

2

d°y dy
ﬁ + aldf + agy = f(X)



Second-order linear equations with constant coeffs. and non-zero rhs (1)

Example : Consider the equation

(D* + 5D + 4)y = cos 2x
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Example : Consider the equation
(D* + 5D + 4)y = cos 2x

We already know the solution of the equation with the right-hand side equal to

zero :
ye(x) = Ae " + Be

This solution is called the complementary function.
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Example : Consider the equation
(D + 5D + 4)y = cos2x

We already know the solution of the equation with the right-hand side equal to
zero :
ye(x) = Ae " + Be

This solution is called the complementary function.
One can also verify that y, = %o sin 2x is a particular solution.



Second-order linear equations with constant coeffs. and non-zero rhs (1)

Example : Consider the equation
(D + 5D + 4)y = cos2x

We already know the solution of the equation with the right-hand side equal to
zero :
ye(x) = Ae " + Be

This solution is called the .
One can also verify that y, = %0 sin 2x is a particular solution.
We then have

(D* + 5D + 4)y, = cos 2x

(D* 4+5D + 4)y. =0

so that
(D + 5D + 4)(yp + ye) = cos2x 4 0 = cos 2x

One can then say that y(x) = y, + yc is the general solution since it contains
two independent arbitrary constants.



Second-order linear equations with constant coeffs. and non-zero rhs (2)

The general solution of an equation of the form
2,

dy
25 +31d + a0y = f(x)

Y=Yty

where the complementary function y. is the general solution of the
homogeneous equation and y, is a particular solution.



Second-order linear equations with constant coeffs. and non-zero rhs (3)

Example : Consider
yu _ 6y' +9y = 8e~
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Example : Consider
y" — 6y’ +9y = 8¢e*

» We suspect that a multiple of €* is a solution of this equation

» It is indeed easy to verify that y = 2¢e* is a solution.



Second-order linear equations with constant coeffs. and non-zero rhs (3)

Example : Consider
y" — 6y’ +9y = 8¢e*

» We suspect that a multiple of €* is a solution of this equation
» It is indeed easy to verify that y = 2¢e* is a solution.

Example : Consider now

- 'ty -2y =€

We fail to find a particular solution since €~ satisfies the homogeneous eq

y'+y —2y=0



Second-order linear equations with constant coeffs. and non-zero rhs (3)

Example : Consider
y" — 6y’ +9y = 8¢e*

» We suspect that a multiple of €* is a solution of this equation
» It is indeed easy to verify that y = 2¢e* is a solution.

Example : Consider now

- 'ty -2y =€

We fail to find a particular solution since €~ satisfies the homogeneous eq
_)/” + y/ _ 2y -0

= how can we find particular solutions in a more systematic way ?



Second-order linear equations with constant coeffs. and non-zero rhs (4)

y:y+y/_2y:ex

can be written as
(D-1)(D+2)y=¢€"
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y:y+y/_2y:ex

can be written as
(D—1)(D+2)y =&

Let u = (D + 2)y. The the differential equation becomes :

(D-1u=¢" or, u—u=¢e"



Second-order linear equations with constant coeffs. and non-zero rhs (4)

y:y+y/_2y:ex

can be written as
(D—1)(D+2)y =&

Let u = (D + 2)y. The the differential equation becomes :
(D-1u=¢" or, u—u=¢e"

This is a first-order linear differential equation which we know how to solve :

| = /(—1)dx = —x



Second-order linear equations with constant coeffs. and non-zero rhs (4)

y:y+y/_2y:ex

can be written as
(D—1)(D+2)y =&

Let u = (D + 2)y. The the differential equation becomes :
(D-1u=¢" or, u—u=¢e"

This is a first-order linear differential equation which we know how to solve :

| = /(—1)dx = —x

e X = /e_xexdx =x+a

u=xe*+ ce”



Second-order linear equations with constant coeffs. and non-zero rhs (5)

Then, the differential equation for y becomes
(D +2)y = xe* + c1e”

or,
y' +2y = xe* + e



Second-order linear equations with constant coeffs. and non-zero rhs (5)

Then, the differential equation for y becomes
(D +2)y = xe* + c1e”

or,
y' +2y = xe* + e

This again is a linear first-order equation which we solve as follows

I:/2dX:2X



Second-order linear equations with constant coeffs. and non-zero rhs (5)

Then, the differential equation for y becomes

(D +2)y = xe* + c1e”
or,

y' +2y = xe* + e

This again is a linear first-order equation which we solve as follows

I:/2dX:2X

X 1 X 1 X 1 X
ye™ = /eQX(xeX +ae)dx = xe” — Ze¥ + Zae” + o
3 9 3
or, )
y = gxex + e + e



Second-order linear equations with constant coeffs. and non-zero rhs (5)

Then, the differential equation for y becomes
(D +2)y = xe* + c1e”

or,
y' +2y = xe* + e

This again is a linear first-order equation which we solve as follows

I:/2dX:2X

X X X X 1 X 1 X 1 X
ye” = [ e¥(xe* + ce’)dx = Zxe> — ¥ + Zae” + o
3 9 3
o, )
y = gxex + e + e
We have obtained the general solution all in one process rather than finding the

complementary function plus a particular solution in two separate processes.



Second-order linear equations with constant coeffs. and non-zero rhs (6)

Special cases :

» exponential rhs :
(D — a)(D — b)y = ke™

(see example 5 p420)



Second-order linear equations with constant coeffs. and non-zero rhs (6)

Special cases :

» exponential rhs :
(D — a)(D — b)y = ke™

(see example 5 p420)

> exponential x polynomial rhs :
(D — a)(D — b)y = e™Py(x)

where P,(x) is a n-order polynomial (see examples 7,8 p422).



Second-order linear equations with constant coeffs. and non-zero rhs (6)

Special cases :

» exponential rhs :
(D — a)(D — b)y = ke™

(see example 5 p420)

> exponential x polynomial rhs :
(D — a)(D — b)y = e™Py(x)

where P,(x) is a n-order polynomial (see examples 7,8 p422).

> sine/cosine

(D — a)(D — b)y = k cos ax or (D — a)(D — b)y = ksinax

first solve ]
(D —a)(D — b)y = ke'™

and then take the real or imaginary part (see example 6 p420-421).
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» In mathematics and with many applications in physics and engineering and
throughout the sciences, the Laplace transform is a widely used
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argument t > 0 that transforms it to a function F(p) with a complex
argument p.
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Laplace transform

» In mathematics and with many applications in physics and engineering and
throughout the sciences, the Laplace transform is a widely used

» Denoted £ {f(t)}, it is a linear operator of a function f(t) with a real
argument t > 0 that transforms it to a function F(p) with a complex
argument p.

> the respective pairs of f(t) and F(p) are matched in tables.

» The Laplace transform has the useful property that many relationships and
operations over the originals f(t) correspond to simpler relationships and
operations over the images F(p).



Laplace transform

» In mathematics and with many applications in physics and engineering and
throughout the sciences, the Laplace transform is a widely used integral
transform.

» Denoted £ {f(t)}, it is a linear operator of a function f(t) with a real
argument t > 0 that transforms it to a function F(p) with a complex
argument p.

> the respective pairs of f(t) and F(p) are matched in tables.

» The Laplace transform has the useful property that many relationships and
operations over the originals f(t) correspond to simpler relationships and
operations over the images F(p).

> It is named for Pierre-Simon Laplace, who introduced the transform in his
work on probability theory.




Laplace transform (2)

» The Laplace transform is related to the Fourier transform,
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> the Fourier transform expresses a function or signal as a series of modes of
vibration (frequencies), but the Laplace transform resolves a function into
its moments.
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» The Laplace transform is related to the Fourier transform,

> the Fourier transform expresses a function or signal as a series of modes of
vibration (frequencies), but the Laplace transform resolves a function into
its moments.

> Like the Fourier transform, the Laplace transform is used for solving
differential and integral equations.



Laplace transform (2)

» The Laplace transform is related to the Fourier transform,

> the Fourier transform expresses a function or signal as a series of modes of
vibration (frequencies), but the Laplace transform resolves a function into
its moments.

> Like the Fourier transform, the Laplace transform is used for solving
differential and integral equations.

> In physics and engineering it is used for analysis of linear time-invariant
systems such as electrical circuits, harmonic oscillators, optical devices,
and mechanical systems.



Laplace transform (3)

problem in
transform space

relatively easy solution

integral
transform

original problem

Y

solution in
transform space

inverse
transform

solution of
original problem




Laplace transform (4)

Let L(f) be the Laplace transform of f(t)

L(f) = /Ooo f(t)e P'dt = F(p)



Laplace transform (4)

Let L(f) be the Laplace transform of f(t)
L(f) = / f(t)e "dt = F(p)
0

Example 1 : Let f(t) = C. Then

oo 1
F(p) = / Ce™ ™ ==
(p) ; )



Laplace transform (4)

Let L(f) be the Laplace transform of f(t)
L(f)= / f(t)e "dt = F(p)
0
Example 1 : Let f(t) = C. Then
> 1
F(p :/ Ce P ==
(e) 0 P

Example 2 : Let f(t) = e~?. Then

= [t [ L
0 0 p+a

Re(p+a) >0



Laplace transform (4)

Let L(f) be the Laplace transform of f(t)
L(f)= / f(t)e "dt = F(p)
0
Example 1 : Let f(t) = C. Then
> 1
F(p :/ Ce P ==
(e) 0 P

Example 2 : Let f(t) = e~?. Then

oo oo 1
F(p :/ e_ate_pt:/ e etPt — = Re(p+a)>0
v = | 0 L Re(p+2)

Example 3 : Let f(t) = cos(at). Then



Laplace transform (4)

Let L(f) be the Laplace transform of f(t)

L(f) = /Ooo f(t)e P'dt = F(p)

Example 1 : Let f(t) = C. Then

oo 1
F(p) = / Ce™ ™ ==
(p) ; )

Example 2 : Let f(t) = e~?. Then
oo oo 1
F :/ e—ate—pt :/ e—(a+p)t - = Re +a)>0
()= | ; ota (p+a)
Example 3 : Let f(t) = cos(at). Then

—pt
F(p) = i cos(at)e P =iz



Laplace inverse transform

A table of transforms can be built-up and used to carry out the Laplace and
inverse Laplace transforms (p469 in Boas)

Signal or Function ft) F(s)
Impulse @) 1
Step u(t)=1, t20 L
Ramp r@)=t, t20 ‘L,
Exponential e e "u(t) TS
Damped Ramp te ™ ﬁ
Sine sin(ft) Rryd
Cosine cos(fk) AT
Damped Sine e sin(f) T3 2y il
Damped Cosine e @ cos(fir) s e




Laplace inverse transform

A table of transforms can be built-up and used to carry out the Laplace and
inverse Laplace transforms (p469 in Boas)

Signal or Function ft) F(s)
Impulse @) 1
Step u(t)=1, t20 L
Ramp r@)=t, t20 ‘L,
Exponential e e "u(t) TS
Damped Ramp te ™ ﬁ
Sine sin(ft) Rryd
Cosine cos(f) AT
Damped Sine e sin(f) T3 2y il
Damped Cosine e @ cos(fir) s e

There is little importance to these operations unless we can carry out the
inverse transform, i.e.

L(f(t))=F(p)  —  LT(F(p) = f(1)



Solution of diff. egs. by Laplace transforms (1)

Let us consider y(t) and look at L(y’) :

£(y') = / Ty (e "t
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Let us consider y(t) and look at L(y’) :

L) = / V' (t)e " dt
0
We integrate by parts :

L) = [y(t)e ] - /Ooo y(t)(=p)e Ptdt = —y(0) + pL(y)



Solution of diff. egs. by Laplace transforms (1)

Let us consider y(t) and look at L(y’) :
L) = [y (e
0
We integrate by parts :

L) = [y(t)e ] - /OOO y(t)(=p)e Ptdt = —y(0) + pL(y)

One can also obtain

L(y") = p*L(y) — py(0) — ¥'(0)



Solution of diff. egs. by Laplace transforms (1)

Let us consider y(t) and look at L(y’) :
L) = [y (e
0
We integrate by parts :

L) = [y(t)e ] - /OOO y(t)(=p)e Ptdt = —y(0) + pL(y)

One can also obtain

L(y") = p*L(y) — py(0) — ¥'(0)

It is common to use the notation Y = L(y) so that

Ly') = -y()+pY
L") = p°Y —py(0)—y'(0)



Solution of diff. egs. by Laplace transforms (2)

Example : Let us solve
y// +4y/ +4y — tze—2t

with initial conditions y(t = 0) =0 and y'(t =0) = 0.



Solution of diff. egs. by Laplace transforms (2)

Example : Let us solve
y// +4y/ +4y — tze—zt
with initial conditions y(t = 0) =0 and y'(t =0) = 0.
We take the Laplace transform of each term in the equation :

[P*Y — py(0) — y'(0)] + 4[—y(0) + pY] + 4Y = L(t?e™ )
One can show that

E(t2e—2t) _ ﬁ



Solution of diff. egs. by Laplace transforms (2)

Example : Let us solve

y// +4y/ +4y — tze—zt

with initial conditions y(t = 0) =0 and y'(t =0) = 0.
We take the Laplace transform of each term in the equation :

[P*Y = py(0) = y'(0)] + 4[—y(0) + pY] +4Y = L(t%*)

One can show that

2
[(Re2) = 2
( )= vy
and given the boundary (initial) conditions :
p°Y +4pY +4Y = 2
(p+2)?
or, )
Y= —%-—
(p+2)°

We find that the inverse Laplace transform of Y is

2t4672t
41

y(t) =



Solution of diff. egs. by Laplace transforms (2)

Example 2 : Let us solve
y" +4y =sin2t

subject to initial conditions y(0) = 10, y’(0) = 0.



Solution of diff. egs. by Laplace transforms (2)

Example 2 : Let us solve
y" + 4y =sin2t
subject to initial conditions y(0) = 10, y’(0) = 0.
We apply the same procedure :
Y — py(0) — y'(0) + 4Y = L(sin(2t))
or,
2
p*+4
10 2
= 2 P+ 2 2
pP+4 (PP+4)
Using the Laplace formula table (L4 and L17) leads to

(P +4)Y —10p =

Y

1 .
y = 10cos 2t + 3 (sin2t — 2t cos 2t)



Solution of diff. egs. by Laplace transforms
Example 3 : Let us solve

—~~

Yy =2y+z =
Z—y—2z =

subject to initial conditions y(0) =1, z(0) = 0.



Solution of diff. egs. by Laplace transforms
Example 3 : Let us solve

—~
N
~—

Yy =2y+z =
z - y—2z =
subject to initial conditions y(0) =1, z(0) = 0.
Let us define Y = L(y) and Z = £(z) and take the Laplace transform of both
equations :
pY —y(0)—2Y+Z =
pZ—z(0)—Y —-2Z
or,
(P=2)Y+2Z
Y—(p-2)Z = 0



Solution of diff. egs. by Laplace transforms
Example 3 : Let us solve
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N
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Yy =2y+z =
Z—y—2z =

subject to initial conditions y(0) =1, z(0) = 0.
Let us define Y = L(y) and Z = £(z) and take the Laplace transform of both

equations :
pY —y(0)-2Y+2Z =
pZ —z(0)—Y —-2Z
o,
(P=2)Y+2Z =
Y-(p—2)Z = 0
We get
p—2
Y= —+——
(p—22+1

or y(t) = e* cos t



Solution of diff. egs. by Laplace transforms
Example 3 : Let us solve

—~
N
~—

Yy =2y+z =
Z—y—2z =

subject to initial conditions y(0) =1, z(0) = 0.
Let us define Y = L(y) and Z = £(z) and take the Laplace transform of both

equations :
pY —y(0)-2Y+2Z =
pZ —z(0)—Y —-2Z
o,
(P=2)Y+2Z =
Y-(p—2)Z = 0
We get
p—2
Y= —+——
(p—22+1

or y(t) = e* cos t
And since z = 2y — y’ we arrive to

z(t) = *'sint



